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THE ASYMPTOTICS
OF STRING MATCHING PROBABILITIES
FOR GAUSSIAN RANDOM SEQUENCES

SHUNSUKE THARA anp MASASHI KUBO

Abstract. Wyner and Ziv (1989) studied the asymptotic properties of recur-
rence times of stationary ergodic processes, and applied the results to obtain
optimal data compression schemes in information transmission. Since then
many data compression algorithms based upon string matching of a sequence
from an information source with a database have been proposed and studied.
In this paper we consider Gaussian stationary processes representing an in-
formation source and a database, and study problems of string matching with
distortion. We prove theorems concerning the asymptotic behavior of the prob-
ability of string matching with distortion and the waiting time for the string
matching.

§1. Main Results

Wyner and Ziv [WZ] have proved some asymptotic properties of recur-
rence times of stationary ergodic finite alphabet processes, and used these
properties to obtain insight into the working of the Lempel-Ziv algorithm in
information transmission. They showed that n~!log W,, converges in prob-
ability to H as n — oo, where W, is the recurrence time of a string with
length n and H is the entropy of the process. Ornstein and Weiss [OW]
extended the result by proving that the convergence is with probability one.
Since then many data compression algorithms based upon string matching
have been proposed and studied (see [YK] and the references therein). The
probability of string matching and the waiting time for string matching
have been also studied in ergodic theory [S].

In this paper we consider the lossy case, namely the problems of string
matching with distortion. We are interested in the asymptotic behavior of
the probability of string matching with distortion and the waiting time for
string matching between two independent Gaussian stationary processes.
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Let X = {X,} and Y = {Y,,} be stationary processes defined on a prob-
ability space (€2, F, P), representing an information source and a database,
respectively. The probability distribution of Y = (Y7,...,Y,,) is denoted
by py-. We denote by

Bn(z,D) = {y? € RY Z lyr — x| < D}

k 1

the open ball, where 4", = (Ym, - - -, Yn). We consider the probability

s (B (x, D)) = ( SVl < D)
k=1
of string matching within distortion D > 0 (with respect to the mean-square
error), where x = {z,} is a realization of X. We also consider the waiting
time for the string matching. For each pair of sequences z = {z,,} and
y = {yn}, the waiting time of length n is defined as

Wiy, z, D) = inf {m > 0; ymtl € By(x, D)}

Namely, W, (y, z, D) is the waiting time until a substring of y = {yx} first
hits the ball By, (z, D). We are interesting in the asymptotic behavior of the
probability uy.(By,(z, D)) and the waiting time W, (Y, X, D) as n — oo.

In this paper, we consider the case where X = {X,,} and Y = {Y,,} are
mutually independent Gaussian stationary processes. The aim of the paper
is to show that the string matching probability goes to zero exponentically
fast:

1 .

and that the waiting time goes to infinity with the same exponent:
1
—log W, (Y, X, D) — R*(D),
n

as n — oo. The exponent rate R*(D) is given in terms of the mutual
information and the relative entropy.

We denote by D(pu || v) the relative entropy (or information divergence)
of probability measures, defined as

M||V:{/log w(x), if p<u,

otherwise.
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The mutual information (&, n) between random variables £ and 7 is defined
by
1(&,m) = D(pen || pe X i),

where pg, py, and pg, are the probability distributions of &, n and (&, n),
respectively, and pe x py, is the direct product of pe and p,. For two
stochastic processes ¢ = {£,} and 1 = {n,}, the relative entropy D(¢ || n)
per unit time is defined by

D(& || m) = lim inf —D(&7" || 1),

where D(& || nf') = D(kg || p4)- The mutual information 1(¢,m) per unit
time is defined by

T . . 1 n n
I(€,m) = lim inf —I(EF, 7).

We may assume that the Gaussian processes X and Y are regular (or
purely non-deterministic), namely NS, L, (X) = N2, L, (Y) = {1} where
L,(X) is the subspace of L?(Q, P) spanned by X, k < n, and {1} denotes
the subspace of L?(Q, P) which involves only constants. Then it is known
that X and Y have spectral density functions (SDF’s) f and g, respectively,
such that [T _|log f(A)|dX < oo and ["_|logg(A)|d\ < oo (cf. [HH]). We
may assume without loss of generality that E[X,] = E[Y,] = 0. Then the

covariance matrix of X" is equal to the n-dimensional Toeplitz matrix

Ta(F) = 1) a5 = [ TN 00 A

of the SDF f. We note that, since X and Y are regular, the distributions
of X" and Y{" are non-degenerate, so that the matrices T, (f) and T},(g)
are regular (see [HH]). We put

Dy = E[|X,, - Y, ]| = E[X]] + E[Y;]].
For the process X, we denote by Up the class of all stochastic processes

U = {U,} satisfying

1 n
limsup = Y E[|Ux — Xi|?] < D.

The following theorem concerning the string matching probability is
one of our main results.
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THEOREM 1. Let X andY be mutually independent regular Gaussian
stationary processes and assume that the SDF’s f(\) and g(\) are bounded.
Then, for any 0 < D < Dy,

1 1 &
1 lim —log P =Y [V —ax|> < D) =—-R*D
(1) im —log (n Vi — zi]” < ) R*(D),

for px-a.e. © ={xy,}, where R*(D) is given by

(2) R*(D)= inf{liggi()gf%(D(U{L | Y + (X7, U); U €Up .

The asymptotic property (1) has been shown when Y = {Y,,} is an i.i.d.
(independent with identical distribution) random sequence [KA, YK] or a
Markov chain [YK]. Note that in the previous works (see [YK]) random
variables take values in finite sets and the formula (1) is proved by using a
combinatorial method, called the method of types. Our method to prove
(1) is based upon a large deviation theorem which is stated in Section 2.
We also note that our method can be applied for i.i.d. random variables
taking values in an arbitrary space to show the property (1), where the
distortion is measured not necessarily by squared error distortion. The
proof of Theorem 1 will be given in Section 3.

To study the asymptotic behavior of the waiting time, Yang and Kieffer
[YK] introduced the following mixing condition. We denote by F}} the o-
field generated by Y,,,...,Y,. For each positive integer k, the number

p(k) = sup{|P(G | F) — P(G); (G, F) € G}
is called the mixing coefficient, where
G, ={(G,F); 3(r,s,t)such that r <s<t—k, G F} F e F> }.

We say that Y has summable mixing coefficients if Y 72 ; p(k) < oco.
On the asymptotics of the waiting time, we can prove the following
theorem.

THEOREM 2. Let X and Y be the same processes as in Theorem 1.
Assume that the process Y has summable mizing coefficients. Then, with
probability one,

1
(3) lim —log W, (Y, X, D) = R*(D).

n—oo n
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In a case where the state space of X and Y is discrete, Yang and Kieffer
[YK] have shown that, under the mixing condition of Theorem 2, (3) can be
derived from (1). Their arguments can be applied for our case without any
modification. Hence we can show Theorem 2 as a corollary of Theorem 1.

It should be noticed that

R(D) < R*(D),

where R(D) is the rate distortion function (per unit time) of the process X
defined as

R(D) = int{I(X,U); U € Up).

The rate R*(D) can be expressed in terms of SDF’s f(\) and g(A). For
each 0 < D < Dy, there is a unique constant §* < 0 determined by

T ) N B
@ T dnrg ) P T gy P
We put

© = I

Note that X = {X,} has the spectral representation X, = [T _e™*d(()),
where {d¢(\)} is the random spectral measure such that E[|d¢(\)|?]/d\ =
F(X). Since [T_h(X)2f(A)dA < oo, a process £ = {&,} defined by

& = —4m6* / " MR AC ()
is a Gaussian stationary process with SDF
Je(X) = 167°(67PR(N)*F(N).
We define a Gaussian stationary process U* = {U;} by
Uy = &n + 1,

where n = {n,,} is a Gaussian stationary process, independent of X, with
SDF h(A). We can prove the following theorem.
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THEOREM 3. Let X and Y be the same processes as in Theorem 1.
Then, for each 0 < D < Dy,

(6) R*(D)=DU*|Y)+I(X,U"
_ 4i " log(1 — 470%g(\)) dX

= ) " 02NN
_x 1 —4mh*g(N) dA - dm —n (L —4m0*g(N))? »

+

where 8* < 0 is the constant determined by (4).

The proof will be given in Section 3.

§2. Large Deviation Theorem

Let Z = {Z,} be a sequence of random variables. The logarithmic
moment generating function associated with Z is defined as

Ao (0) =log Elexp(0Z,)], 0 € R.

For each n, A, () is a convex function. We define the function A(f) as

(7) A) = Tim LA, (nd),

n—oo n
if the limit exists. Let D be the set of all # € R such that the limit (7) exists
and the function A(-) is of C! class in a neighborhood of 6, and defined the
set D' by D' = {A'(A); 6 € D}. In the following we assume that
(8) D#¢, (D) #4,
where (D) is the interior of D’. The function ¥ (6) is defined as

»(0) = 0N (0) — A(H), 6 eD.

The function

A*(w) = sup{6r — A(9))

is called the Fenchel-Legendre transform of A(f). Let us fix * € D such
that A'(0*) € (D')° and 0* # 0, and consider a half-line

II={zeR; 6 (zx—a") >0},
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where a* = A’(0*). Clearly a* € II and
P(0F) = A*(a*) = inf{A*(x); z € II}.
For our purpose the following large deviation theorem (cf. [DZ]) is use-
ful.
PROPOSITION 1. Assume that the condition (8) is satisfied.

(i) (Upper bound) For any measurable set A C 11,

) lim sup ~ log P(Zn € A) < —ib(6%).
n—oo T
(ii) (Lower bound) Let A be an open set such that AN (D')° # ¢. Then,
for any 6 € D such that A'(9) € An (D")°,

1
(10) liminf —log P (Z, € A) > —(0).
n—oo n,
(iii) Let A C II be an open set such that AN (a* — d,a* 4+ §) # ¢ for any
0 > 0. Then
(11) lim Llog P(Z, € A) = lim ~log P(Zy € A) = —(67).

n—oo n, n—oo n,

§3. Proof of Theorems

Let us introduce some auxiliary notations. It is convenient to use the
notion of asymptotic equivalence of sequences {A,} and {B,} of matrices,
where A,, and B,, are n-dimensional square matrices (cf. [Gr, GS]). We
define norms of the matrix by

1 n
2 2
[An]> = = > ayl?,
n 4
2,7=1
[An]I* = max{(A} A, a1); 2t € R", (2F,2) <1},
where a;; is the (4, j) component of A,, and (z7,y7) = > j—; Tryr denotes
the inner product in R™. We say that {A,} and {B,} are asymptotically

equivalent and denote A,, ~ B, if there exists a constant K < oo such that
ALl 1 Brl < K, for all n, and

nhnolo HAn - Bn” = 0.

We summarize here some properties on the asymptotic behavior of
Toeplitz matrices.
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LEMMA 1. (see [Gr, GS, 1)) Let f be a SDF and ¢ € L*|—m, w|. Then

tim ~log |T,(f)| = 5 [ log{2mf(\)} dx

n—oo n, T J_x
lim LT T (f) =27 [ F(N) dA,
n—oo n, —r

and

27 Tn(f) ~ Tulp) Tu(f)-
Moreover, if f(A\) > a >0 for VA € [—m, 7],

471-2(Tn(f))71 ~ Tn(fil)v
where Ty, (f~1) denotes the Toeplitz matriz corresponding to 1/f(\).
The following lemma will play a key role in the proof of Theorem 1.

LEMMA 2. Let X = {X,} be the Gaussian process in Theorem 1. As-
sume that A, ~ T,(p), where p(A\) is a bounded function. Then, with
probability one,

. 1 n n . 1 n n N
(12)  lim —(AxX7, X7) = lim —BE[{A.XT, X7)] = 2n » P(A)f(A) dA.
The proof of Lemma 2 will be given in Appendix.
We are now in a position to prove Theorem 1.

Proof of Theorem 1. Let X = {X,} and Y = {Y,,} be the processes in
Theorem 1. We shall apply the large deviation theorem (Proposition 1) to
a random sequence Z = {Z,} given by

1 n
Z, = 52|Yk—xk|2= n=12,...,
k=1
where a sequence = = {x,,} € R*™ is fixed. We define an interval © by

1
0= (—oo, W),

where M = esssup{g(\); A € [-m,7]}. Let § € © be fixed for a moment.
We denote by I, the n-dimensional identity matrix. Since (1 —4mfg()\))~*
is a bounded function, we know that the matrix

1-— 4%99)
27

To(g) (Tn(g)*1 - 291n) =1, — 20T, (g) = T, (
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is invertible, and using Lemma 1 we have

_ -1
27 27 1 —4nfg

Hence we can define a matrix A, by

1 —4nlg

m09)” 1uto)

Apg = (Tn(g)*1 - 291n)*1 —T, (

Then, by using Lemma 1, it is easy to show that

1 0 1 1 1
20A,, Ly~ -T,| —— T, Tl — ) ~—T, | ———— .
0+ T (1—471'99) (9)+ (271') 2 (1—471'99)

Therefore, applying Lemma 2, we obtain

1 1
(13)  lim —((20A,0+ )2, 27) = lim —E [((204,0 + [,)XT, X™)]

n—oo n, n—oon
™ A
—x 1 —4mlhg(N)
for px-a.e. z. Since the covariance matrix of (Y1,...,Y,) is T,,(g), we have

1
(14)  Au(n8) = =5 log| L, — 2075 (g)] + 6((20 A0 + L)aT, a%),

where A, (0) is the logarithmic moment generating function associated with
{Z,}. It is clear from Lemma 1 that

(15)  lim 2 log I, — 20Th(g)| = QL log(1 — 470g(\)) dA.
n—oo n T J—7

Combine (13), (14) and (15) to get

(16)  A(0) = lim ~A,(nf)

n—oo n
1 7 T f(N)
= —— log(1 —4mwfg(A)) dA —————d\

for px-a.e. x. We should note here that, although A, (6) depends on the
sequence x = {x,}, the limit A(f) does not depend on z. Differentiating
the both sides of (16), we can show that A(#) is differentiable and

o [ 9 )
R A w70 VRl 7oy E
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Moreover we have

(18)  w(0) = 0A'(6) — A(0)

= ﬁ log(1 — 4mwfg(X)) dX
T g\ T 2fNg(N)
—x 1 —4mlg(N) dA+-Am —x (1 —4m0g(N))2

Note that Dy = [™_(f(A)+g(N)) dX = A'(0). It is clear from (17) that A’(6)
is strictly increasing continuous function. Hence there is a unique 8* € ©
such that 6* < 0 and a* = A'(0*) = D. It is clear that

MI={zeR; §(x—a*) >0} = (—00,D).

+ dX.

Applying Proposition 1 for a set A = (0, D) C II, we obtain

1 Zn

(19) lim —log P (— < D) = —(07).

n—oo n, n

To complete the proof we must prove 1(6*) = R*(D). Noting (6) and (18),

we see that this equation is shown in Theorem 3. 0
We now turn to prove Theorem 3.

Proof of Theorem 3. From the definition of U* = {U;;} we know that
the covariance and the cross covariance are given by

(20) E[U:,, U] = [ " e f(0) dA

and -

(21) E[UE,, Xm] = [ ¢ e () dA,

where

(22) Jo(A) = fa(A) + fe(A) = h(X) + 167260*2h(X)? f(N)
and

(23) fusx(A) = —4m0"h(N) f(N).

Using (20), (21), (22), (23), (5) and (17), we see that
) BNV - Xl = [ (- = 2fuex () + S} i)

i g(N) f(A)
= L {1 " inbrg(N) (1= 47r9*g()\))2} dA
— N(")

=D,
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meaning that
(25) U* € Up.

It is known (cf. [I, P2]) that the relative entropy per unit time for Gaussian
stationary processes is given by

- L f fu-(A) fU*()‘)}
DU* || V) = — {7—1—log7 dA.
I =42 L oty oy
Substitute (22) and (5) into this formula to get

(26) DU" || Y)
_or [T OISO g3 ) L7 S )

dx.
. (1= dn0g(\))? PPl B TP

On the other hand, it is known (see [P1]) that the mutual information per
unit time is calculated by

I(X,U*) = —4i i log <1 - M) dA.

. Fur N

Substituting (22) and (23) into this formula, we obtain
T *\ _ 1 T Ju~ ()‘)

27) I(X,U7) = L log 733 0

It follows from (26), (27), (5) and (18) that

(28) DU || Y)+I(U", X)
1 /7r {471'9*9()\)(1 + 470" f(N) — 4m6*g(N))
 4rm (1 — 47 g(N))?

+log(1 — 4mw0* g(N)) } dA
= P(07).
Thus, noting (25), we see that

—T

1
(29)  inf{lim inf E<D(U{’ | Y1)+ I(XP,UD)); U €Up} < (07).

To prove the converse inequality, for each = = {z,,}, we define a conditional
probability distribution (- | ) on R"™ by

dV;; A * * -

LA (y) = exp(—Aant) exp (673 o = f?).

dyry- =1
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Let U € Up be an arbitrary process. Then

v (- | 2)
log 2V T8 0y gy (a,
//R o 198 g (y) dixy (@, y)
Aot <o [ 3 b =l du (5:)
—A, (n@* +0'FE [Z|Uk_Xk|2]
and

(30) lim inf — //Rzn dyd,uy )( ) dusy(z,y)

n—oo 1,

1 n
= — lim —An(né’*) + 6" lim sup—E[Z |U — Xk|2]
noeen n—o0 k=1
> —A6")+6"D
We may assume that D(UT* || Y{") and I(X[', UT') are finite. Then we have

3L DU || ") +I(X?, U1")

= d :“XU n
d'“U d:“XU
= , d n ,
//Rm d,uY () - dptt x il (y x)) MXU(l" )

dpy x (- | @)
- log ———(y) dp (0, ).
/[R 18 (v) duxu(z,y)

Since the relative entropy is non-negative,

dl'LU X | z)
(32 0= [ tog = EE ) duyn(y | @) dik(a)
R2n ]/ )
dNU|X | z)
— d n ,
= [ 08— ) i)
RGBT
= [, 1os T W) dus o).
R2n Y
Therefore, it follows from (30), (31) and (32) that

o1
lim inf — (DU} | Y1) + [(XT, U7))
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n—oo n
—AO")+6"D
= ¢(9*)-

dvi(- | z)
>l f— du's
it [ g dﬂy Tl )y (2. y)

This means that
3 3 3 1 n n n n *
(33) 1nf{hnnllorolf5<D(U1 | Y+ I(XP,U1)); U €Up} > o(67).
The desired result (6) follows from (28), (29) and (33). 0

Appendix. Proof of Lemma 2
It is clear that

(34) E[{AnXT, XT)] = Tr(AnT(f))-
Since

AnTo(f) ~ Tu(0)Tu(f) ~ 27 Ta(ef),
we know from (34) that

lim 1E[(A X' X)) = lim lTI“Tn(QTI'(pf)
n—oo n, n—oon
=27 ©(A) f(A) dA.

—T

Here we apply the large deviation theorem to the quadratic forms (, =
nHA XD XD =nt > k=14 X;jXg, n=1,2,..., of the Gaussian pro-
cess {X,} (cf. [BD, BGR]). We put

®,,(0) = log Elexp(6¢,)].

Then we can show equations

®,(nh) = —% log |1, — 20T,,(f)Ax],

B(0) = lim ~B,(n0) = ——— [ log (1-87%0F(Ne(N) ) dX,

n—oo n, YL ——

iy L™ =812 f(Ne(N) _ i F)e()
YO =~ L T Tsmarem D T T s o))
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We note here that

() =27 [ f)p(N) dA = Jim L panxy, xp).

n—oo n,

Let U(6) = 03'(6) — &(6). Then

™ — 7T2
w1 [ {5y s o) o

Let 0 > 0 be an arbitrary small number. There exists #; < 0 such that
®’(01) = ®'(0) — §. Applying Proposition 1, we have

Jim % log P(¢, < @'(0) — §) = =¥ (6y).
Similarly there exists 6, > 0 such that
lim % log P(Cy > ®(0) 4 6) = —W(6s).
Therefore, for the events G,, = {|¢, — ®'(0)| > d}, n=1,2,..., we have

(35) lim 1 log P(Gy,) = —c¢,

n—0o0 7,

where ¢ = min(¥(6;), ¥(f2)) > 0. It is easily seen from (35) that the
summation » 2, P(Gy,) is finite. Thus, by using Borel-Cantelli Lemma,

we have o
P(U N G;) =1.

n=1k=n

This means that, for almost all w, there exists ng = ng(w) such that
o — @(0)] <3, Y > no.

Since 0 > 0 is arbitrary, we conclude that
K

lim G, = '(0) =27 [ (N f(A) dA,

n—o0 -

with probability one. Thus the proof of (12) is complete. H
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